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ABSTRACT

This paper proposes a novel fitting procedure for Markov Modulated Poisson Processes (MMPPs), consisting of
the superposition of N 2-MMPPs, that is capable of capturing the long-range characteristics of the traffic. The
procedure matches both the autocovariance and marginal distribution functions of the rate process. We start by
matching each 2-MMPP to a different component of the autocovariance function. We then map the parameters of
the model with N individual 2-MMPPs (termed superposed MMPP) to the parameters of the equivalent MMPP
with 2V states that results from the superposition of the N individual 2-MMPPs (termed generic MMPP). Finally,
the parameters of the generic MMPP are fitted to the marginal distribution, subject to the constraints imposed
by the autocovariance matching. Specifically, the matching of the distribution will be restricted by the fact that
it may not be possible to decompose a generic MMPP back into individual 2-MMPPs. Overall, our procedure is
motivated by the fact that direct relationships can be established between the autocovariance and the parameters
of the superposed MMPP and between the marginal distribution and the parameters of the generic MMPP.

We apply the fitting procedure to traffic traces exhibiting LRD including (i) IP traffic measured at our institution
and (ii) IP traffic traces available in the Internet such as the well known, publicly available, Bellcore traces. The
selected traces are representative of a wide range of services/protocols used in the Internet. We assess the fitting
procedure by comparing the measured and fitted traces (traces generated from the fitted models) in terms of (i)
Hurst parameter; (i) degree of approximation between the autocovariance and marginal distribution curves; (iii)
range of time scales where LRD is observed using a wavelet based estimator and (iv) packet loss ratio suffered in a
single buffer for different values of the buffer capacity. Results are very clear in showing that MMPPs, when used
in conjunction with the proposed fitting procedure, can be used to model efficiently Internet traffic in the relevant
time scales, even when exhibiting LRD behavior.
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1. INTRODUCTION

Traffic modeling plays an increasingly important role in the management and planning of modern telecommunications
networks. In order to make an efficient use of network resources, operators are required to perform frequent traffic
measurements and to derive traffic models capable of describing rigorously its data. When selecting a stochastic
model to describe a traffic source, there is the need to consider the fitting procedures available for parameter
estimation. The design of the fitting procedure is a trade-off between computational complexity and accuracy and
requires careful consideration of the model parameters that have more impact on the performance metrics of interest.
This integrated approach has driven several works!™" .
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In recent years it has been clearly shown through experimental evidence, that network traffic may exhibit
properties of self-similarity and long-range dependence (LRD)!:#13 | These characteristics have significant impact
on network performance. However, as pointed out in Ref. 4, matching the LRD is only required within the time
scales of interest to the system under study. For example, in order to analyze queuing behavior, the selected traffic
model needs only to capture the correlation structure of the source up to the so-called correlation horizon, which is
directly related to the maximum buffer size. One of the consequences of this result is that more traditional traffic
models such as Markov Modulated Poisson Processes (MMPPs) can still be used to model traffic exhibiting LRD.

Providing a good match of the LRD behavior is not enough for accurate prediction of the queuing behavior. The
first-order statistics need also careful consideration. The work in Ref. 14 discusses the limitations of using only the
mean and the autocorrelation function, as statistical descriptors of the input process for the purpose of analyzing
queuing performance. The authors show that the mean queue length can vary substantially when the parameters of
the input process are varied, subject to the same mean and autocorrelation function. We also include an illustration
of this fact latter in the paper. While this issue is of major importance, we believe it remains largely neglected. The
main goal of the present work is to develop a parameter fitting procedure for MMPPs that matches closely both the
autocovariance and the complete marginal distribution (as opposed to matching only the mean). A similar objective
was pursued in Ref. 15, in the context of Circulant Modulated Poisson Processes (CMPPs).

There have been several proposals of fitting procedures for MMPPs!3:511:15-18  Most of these procedures

apply to 2-MMPPs and do not address the simultaneous matching of the autocovariance and marginal distribution
functions. We consider a model consisting of the superposition of N 2-MMPPs. We start by matching each 2-MMPP
to a different component of the autocovariance function. We then map the parameters of the model with N individual
2-MMPPs (termed superposed MMPP) to the parameters of the equivalent MMPP with 2V states that results from
the superposition of the N individual 2-MMPPs (termed generic MMPP). Finally, the parameters of the generic
MMPP are fitted to the marginal distribution, subject to the constraints imposed by the autocovariance matching.
Specifically, the matching of the distribution will be restricted by the fact that it may not be possible to decompose
a generic MMPP back into individual 2-MMPPs. One consequence is that our fitting procedure favors matching
the autocovariance, as opposed to the marginal distribution matching. We believe that, in general, this agrees with
the relative importance of these two statistics in terms of queuing behavior. A similar prioritization was adopted
in Ref. 15. Overall, our procedure is motivated by the fact that direct relationships can be established between
the autocovariance and the parameters of the superposed MMPP and between the marginal distribution and the
parameters of the generic MMPP.

We apply the fitting procedure to traffic traces exhibiting LRD, including the well known, publicly available,
Bellcore traces. The LRD characteristics are analyzed using the wavelet based estimator of Ref. 19. Results show
that the MMPPs obtained through the fitting procedure are capable of modeling the LRD behavior present in data.
The fitting procedure is also assessed in terms of queuing behavior. Results show a very good agreement between
the packet loss ratio obtained with the original data traces and with traces generated from the fitted MMPPs.

This paper is organized as follows. In section 2 we give some background on the superposition of MMPPs and
on the mapping relations between superposed and generic MMPPs. In section 3 we describe the fitting procedure.
In section 4 we present numerical results, which include applying the fitting procedure to measured traffic traces.
In section 5, we present some related work. Finally, in section 6 we conclude the paper.

2. BACKGROUND

The MMPP with M states is fully characterized by the infinitesimal generator matrix, Q, and by the diagonal matrix
of the Poisson arrival rates, A,
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where o; = — . 25 Oij, Oij 18 the transition rate from state i to state j, and 1i is the Poisson rate in state i. We also

represent diagonal matrix A by vector X= [A1, A2, ..., Am]. The steady-state probability vector of Q is the solution
of the following system of equations: and , where is a unit column vector. Consider the superposition of N MMPPs;



Figure 1. Superposed (left) and generic (right) MMPPs (N = 2).

each characterized by matrixes Q; and A;. This process is also an MMPP, with infinitesimal generator matrix Q
and arrival rate matrix A

Q=Q:9Q23...9Qxn (1)
A=A DAD...OAN (2)

where @ denotes the Kronecker sum. We will restrict ourselves to the case of the superposition of 2-MMPPs. We
represent diagonal matrix A; of each individual 2-MMPP by vector ¥; = [y;1,v;2], the steady-state probabilities by
vector @; = [¢j1, pj2] and the infinitesimal generator matrix by

Q= [ T T ] (3)

Tj2 —Tj2

In our approach we construct the MMPP from the superposition of N individual 2-MMPPs, as in Ref. 1. The
proposed fitting procedure works within the state space of two equivalent models: the model of N individual 2-
MMPPs and the model of a MMPP with 2V states. We will refer to the first model as the superposed MMPP and
to the second model as the generic MMPP. These are represented in figure 1. We work with the autocovariance and
marginal distribution of the rate process. The autocovariance of the rate process of a MMPP with 2V states can be
described as a weighted sum of N exponentialsi.e.,
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where each exponential can be associated to the autocovariance of a 2-MMPP. For the jth 2-MMPP, the
autocovariance is given by

Cl(t) = d?‘PJl (1 _(pjl)e_(rjl+rj2)t7 Jal = 17"'7N
where d; = ;o — 7,1, represents the difference between the Poisson rates of the two states. Thus,
al:d?Cle (].—(le), J;l: ]-a"'aN (4)
Bi =T + T2, 5Ll=1.,N (5)
These equations describe the constraints imposed by the autocovariance matching on the parameters of the
superposed model. Note that there are 2"V possible associations of autocovariance exponential terms (indexed by
[) and individual 2-MMPPs of the superposed model (indexed by j). Also, from equation (4), there are two d;

solutions for each a;, one positive and another negative, giving a total of 2%V possible solutions. Thus, overall there
are a total of 22V degrees of freedom, which can alleviate the above mentioned constraints.

In order to define the mapping between the states of the generic and superposed MMPP, let index j,l =1,...,N
represent the states of the generic MMPP and let indexes (j, k), j =1,..., N and k € {1, 2}, represent state k of the



j-th 2-MMPP of the superposed MMPP. There is a correspondence between each state of the generic MMPP and
a set of NV states of the superposed MMPP, where each set includes only one state from each 2-MMPP. Let this set
be denoted by E;. We define

Ez.:{(j,k):j=1,2,___,N;k=2—modq2NL_J,z)} (6)

where mod(z,2) represents x modulus 2 and [y] the lowest integer greater than y. For example, in the case of N
= 2, it results E; = {(1,1), (2,1)}, B2 = {(1,1), (2,2)}, E5 = {(1,2), (2,1)}, E4 = {(1,2), (2,2)}. Thus state 1 of
the generic MMPP corresponds to having both individual 2-MMPPs of the superposed MMPP on state 1; state 2
corresponds to having the first 2-MMPP on state 1 and the second on state 2. Using this definition, the arrival rates
and steady-state probabilities of the generic MMPP can be obtained from those of the superposed MMPP by

Xi= ) ks i=1,.,N (7)
(j,k)EEi

T = H Pik s 1= 17 7N (8)
(4,k)EE;

It also results from the mapping relations defined by (6) that, one arrival rate of the generic MMPP, that we denote
by Aa, and N arrival rate differences of the superposed MMPP, completely determine the remaining 2V — 1 arrival
rates of the generic MMPP, according to

,\,~=AA+ﬁ:(dj <l—m0d<[2%j-‘,2))),i:1,...,2N (9)

Since the autocovariance imposes only the arrival rate differences, as seen from equation (4), Aa will give an additional
degree of freedom for matching the distribution. Although it is always possible to map the superposed MMPP into
a generic MMPP, the opposite may not be true, i.e., the generic MMPP may not be decomposed into N 2-MMPPs.
There will be one (or more) solutions for mapping the generic MMPP into a superposed MMPP only if matrices Q;
and Aj, j =1,..., N, can be determined from equations (1) and (2). For example, in the case of a generic 4-MMPP
there will only be a solution for Aj, j =1,...,4,if A + g = Ao + As3.

3. INFERENCE PROCEDURE

The inference procedure starts by defining the number of states of the MMPP, which is required to be a power of
2. It can be divided in three parts: (i) approximation of the autocovariance by a weighted sum of exponentials, (ii)
matching of the marginal distribution with simultaneous parameter fitting and (iii) calculation of the final MMPP
parameters. We work with a discretized version of the rate process, which is obtained from data by defining a
sampling interval of duration 7, and making the rate constant and equal to the number of arrivals divided by 7, in
each interval. The inference procedure requires two input parameters: (i) the sampling interval and (ii) the number
of 2-MMPP sources. The duration of the sampling interval has a lower limit determined by the need to have at
least 2V arrival rates. Also, the duration should not be too long in order to allow capturing any burstiness behavior
present in data. Our experiments indicate that a reasonable value for the sampling interval is one that allows a
maximum of 100 arrivals per interval. The number of 2-MMPP sources is a tradeoff between the precision of the
matching process and the computational complexity.

3.1. Approximation of the autocovariance

The first part of the procedure is the approximation of the empirical autocovariance of the rate process by a sum of
N exponentials with real positive weights and negative real time constants. This is accomplished through a modified
Prony algorithm?® and the approximation is validated using the methods of Ref. 21. The Prony algorithm returns
two vectors,

a=[a a .. an] g=[ﬂ1 B2 ... Bn]



3.2. Approximation of the distribution and parameter fitting

In this part of the fitting procedure we seek to define the MMPP parameters that best match the marginal
distribution, given the constraints imposed by the approximation of the autocovariance described in previous section.
The marginal distribution can be determined by the arrival rates of the generic MMPP A and the steady-state
probabilities of the superposed MMPP &;, j = 1,...,N. From equations (4) and (9) it results that A is fully
determined by F;, j = 1,...,IN and Aa. Thus we will consider these two variables to be our working variables in
the process of matching the marginal distribution. Matching the distribution requires the minimization of the error
between the steady-state probabilities of the generic MMPP, 7, and the empirical steady-state probabilities, denoted
by p (X) The empirical teady-state probabilities can be obtained from the empirical marginal distribution of the

rate process F(z) by
() _ F()\l), 1 =1
p(’\) - { FQur) = F (), i=2,..,2N (10)

where A;11 > A

Variables g;, j = 1,..., N, and Aa can be calculated through a minimization process, which is constrained by
the mapping restrictions between the superposed and generic MMPP, defined by equations (8) and (9), and by the
autocovariance approximation, defined by equation (4). It can be formulated as follows:

min |ﬁ<X) — F‘

FiAa
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i >0, i=1,..,2N
We have defined an iterative algorithm for calculating variables g, j = 1, ..., N, and Aa, which is represented

in the flow diagram of figure 2. The algorithm starts by determining initial values for the arrival rates and for the
corresponding empirical probabilities. It then calculates the steady-state probabilities of the superposed MMPP,
under the constraints imposed by the mapping relations between the two models. According to (8), these steady-
state probabilities uniquely determine new steady-state probabilities for the generic MMPP. After this, the algorithm
determines the arrival rate differences of the superposed model and adjusts the mean arrival rate. This gives rise to
new arrival rates for the generic MMPP, and the process can be iterated from this point. A detailed description of
the algorithm follows.

Step 1: Define initial X such that dj = Amaz — Amin/N,Vj and set A = Amin; Amae and Apipn are the maximum
and minimum empirical rates, respectively. This option assures that the initial X verifies the restrictions imposed
by the mapping between the superposed and generic MMPPs, as defined by equation (9).

Step 2: Calculate ﬁ(X), from (10).

Step 3: Calculate @;, j = 1,...,N. From (8), the empirical steady-state probabilities of the generic MMPP can be
related to the steady-state probabilities of the individual 2-MMPPs by the following set of non-linear equations:

(jak)eEi



Determination of the initial
arrival rates
(generic model)

/;L',/lA Autocovariance
approximation by a sum of
exponentials

Determination of the
empirical probabilities a [;

)|
Calculation of steady-state

probabilities
(superposed and generic model)

Lo i)

Calculation of arrival rates
differences Determination of the
(superposed model) empirical probabilities
d =
l VN

Calculation of arrival rates
(generic model)

l’“A

Calculation of approximation
error

Maximum number
of iterations
reached?

Obtain generic model parameters
from best solution

Figure 2. Flow diagram of fitting procedure.

where @50 =1—¢j1 ,j =1,2,..., N. There may not be a solution for obtaining the ¢;1, j = 1,..., N, from the p;,
i=1,...,2V. For example, in the case of N = 2, the following set of equations result: p; = @11¢21; P2 = @11 (1—©21);
p3 = (1 —11)pa1; pa = (1 — ¢11)(1 — ¢21). Hence, there will only be a solution for ¢11 and sy if p1ps = pops. In
the general case, there are 2V conditions and only N independent variables. Thus, there may not be a solution that
satisfies all conditions. We have adopted the following approximation

291 gN—j

@it =D Y Pon-iti(k—1)4; P2 =1 — 41, i=1,.,N
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which is based on N conditions derived from the 2V available in (11). Our numerical experiments indicate that this
approximation achieves good results. This step ends by calculating 7@ from (8).

o
dj =, | ——2—, j=1,..,.N
7 Ve (T—vpj)

which resorts to (4). However, we restricted dj to be positive and adopted the mapping between autocovariance
exponential terms and individual 2-MMPPs that corresponds to set j = [ in equation (4). Note also that the
minimum value of d; is 2,/a; , which restricts the fitting of the marginal distribution.

Step 4: Calculate d from



Step §: Calculate new X from d of step 4 and previous Aa (from step 1 or step 6), using (7).
Step 6: Adjust the mean by calculating a new value for Aa. This will be given by
AA :minx+5\e -2
where ). is the empirical mean arrival rate and X is the mean arrival rate of the MMPP, given by 7 e X.
Step 7: Calculate X from d of step 4 and Aa of step 6, using equation (9).

Step 8: Calculate mean square error

e = ox 2 0 ) )
=1

Step 9: Return to step 2.

It is not possible to assure convergence of this iterative algorithm. However, our numerical studies indicate that
iterating a few times (less than 10) and saving the best result according to the mean square error criterion, defined
in step 8, gives excellent results in most cases.

3.3. Calculation of the final MMPP parameters

The fitting procedure finishes by calculating the remaining parameters of the generic MMPP, and by constructing
matrices A and Q. We first calculate the transition rates of the individual 2-MMPPs from ¢;1, 85, j = 1,..., N,
calculated previously and

ri1 = (1 — ¢;1)B; Tj2 = ¢j1B;

We then construct matrix Q from (1) and (3). The construction of A requires the calculation of vectors 7;,
j=1,...,N. This can be done from (7) and (9), using the values of d and Aa calculated previously. These equations
allow more than one solution, but have to verify Zjvzl 7j1 = A¢, where ). represents one arrival rate of the generic
MMPP. We have assumed A, = Aa and vj1 = Aa/N, j =1,..., N, which implies v;5 = ;1 +d;. After obtaining the
A; we can then construct matrix A from (2).

4. NUMERICAL RESULTS

We apply our fitting procedure to several traffic traces: the publicly available Bellcore LAN traces? and Internet
traces measured at our institution. The traces measured at our institution are representative of Internet traffic
produced within a large educational and research environment. We assess the inference procedure by comparing
the marginal density, the marginal distribution and the autocovariance of the original data traces and of simulated
traces obtained from the fitted MMPPs. We analyze the presence of LRD behavior, in both original and fitted data
traces, using the method described in Ref. 19. This method resorts to the so-called Logscale Diagram which consists
in the graph of y; against j, together with confidence intervals about the y;, where y; is a function of the wavelet
discrete transform coefficients at scale j. Traffic is said to be LRD if, within the limits of the confidence intervals, the
y; fall on a straight line, in a range of scales from some initial value j; up to the largest one present in data. We also
analyze the queuing behavior by comparing the packet loss ratio, obtained through trace-driven simulation, using
again the original data traces and the simulated traces obtained from the fitted MMPP. To calculate the packet loss
ratio (Bellcore and our institution) we assume a fixed packet size equal to mean packet size. The sampling interval
for building the rate process was 0.1 seconds for all traces.
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4.1. Bellcore traces

The fitting procedure was applied to Bellcore/Telcordia traces pOct.TL and pAug.TL, both with 1 million samples.
The pOct.TL trace was fitted to a 128-MMPP model (corresponding to the superposition of seven 2-MMPPs) and
the pAug.TL trace was fitted to a 64-MMPP model (corresponding to the superposition of six 2-MMPPs).

Figure 3 and figure 4show the fitting results for the first-order statistics (pOct.TL trace). In this case, the fitting
was performed with a very small approximation error.

From figure 5 it can be seen that the autocovariance of the original data has an oscillatory behavior. The
fitting procedure captures only the average behavior of the autocorrelation but, as shown latter, this is sufficient for
assessing queuing performance. Figure 7 and figure 8 show that both traces exhibit LRD, since the y; values are
a,hgned between octave 5 and octave 11, the highest octave present in data. The estimated Hurst parameters are

= (.847 for the original data trace and H = 0.824 for the fitted data trace. To analyze the queuing behavior we
cons1dered a queue with a service rate of 3.85 Mb/s. The buffer size was varied from 1 to 7000 packets. The average
packet size for this trace is 638 bytes. Figure 6 shows that the loss ratios of original and fitted traces are almost
coincident for all buffer sizes. This confirms the good matching obtained in both first and second order statistics.

As shown in figure 9 and in figure 10, the fitting results of the first-order statistics for the pAug.TL trace were
not so good as for the pOct.TL trace. Essentially, the fitting procedure did not produce an accurate match of the
density tail. Also, the shape at low rates of the fitted density shows lower probabilities. This is due to the restrictions
imposed by the autocovariance fitting. The results of the autocovariance matching were similar to the ones obtained
with the pOct.TL trace, as seen in figure 11.

Again, as in previous trace, both original and fitted data traces exhibit LRD. In figure 13 and figure 14, it can be
seen that the Yj | values are ahgned between octave 6 and the highest octave present in data. The estlmated Hurst

parameters are H =0.814 for the original data trace and H = 0.895 for the fitted data trace.
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The queuing behavior reflects the worse matching of the first-order statistics, when compared with the pOct.TL
case. As seen in figure 12, the packet loss ratio of the original traffic is higher than that of the fitted traffic, for all
buffer sizes. This can be attributed to the lower tail of the fitted density. In this case the simulations were performed
with a service rate of 1.14 Mb/s and the buffer size was varied from 1 to 3500 packets. The average packet size
for this trace is 434 bytes. We note that a similar relative performance of fitting pOct.TL and pAug.TL traces was
obtained in Ref. 1.

An interesting observation regarding these results is that although a similar LRD behavior was obtained for both
original and fitted data traces, there is a clear deviation in terms of queuing behavior for the same traces. This
reinforces our initial claim that a good matching of the marginal distribution is required for accurate prediction of
the packet loss ratio.

4.2. Internet traces measured at our institution

The inference procedure was applied to a traffic trace measured at our institution (the University of Aveiro - UA).
This is a trace with approximately 500000 packets, measured in December 2000 at the Internet Access Point of our
campus network. We fitted the trace to a 16-MMPP model (corresponding to the superposition of four 2-MMPPs).
As with the pOct.TL Bellcore traces the fitted results were very good, as can be seen from figure 15, figure 16, figure
17 and figure 18. Figure 19 and figure 20 demonstrate the existence of LRD in both traces. The estimated Hurst
parameters are H = 0.808 for the original data trace and H = 0.871. The service rate was 4 Mb/s and the buffer
size was varied from 1 to 4000 packets.The average packet size of this trace is 610 bytes.

5. RELATED WORK

In this section, we restrict our attention to fitting procedures for MMPPs. We start by noting that most procedures
only apply to 2-MMPPs516-18 _ While 2-MMPPs can capture traffic burstiness, the number of states is in general
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not enough to provide a good match of the marginal distribution when the traffic shows variability on a wide range
of arrival rates.

Skelly et al.?? propose a method for estimating the parameters of a generic MMPP that only matches the first-
order statistics: the Poisson arrival rates are inferred from the empirical probability function and the state transition
rates from a direct measurement of the observed trace. The main limitation is that second-order characteristics of
the traffic, such as the autocovariance, are not taken into account.

Andersen and Nielsen! use 2-MMPPs to model several time-scales of the autocovariance function. Each of the

time scales is fitted to an exponential function, resulting in a model that corresponds to the superposition of several
2-MMPPs, as in our case. However, the fitting of the first-order statistics is very poor, since only the mean is
matched.

The work by Li and Hwang!® is closely related to ours, in that it also matches both the autocovariance and
the marginal distribution. The fitting procedure applies to CMPPs, which are a special case of MMPPs where the
steady-state probabilities are the same for all states. As opposed to ours, the fitting procedure is able to capture
pseudoperiodic components present in data, since the infinitesimal generator matrix of a CMPP can have complex
eigenvalues. However, our experiments indicate that the pseudoperiodic components have a small importance in
what concerns queuing performance. Moreover, there is less flexibility in adjusting the marginal distribution, since
CMPP states are equiprobable and the CMPP fitting procedure matches separately the autocovariance and the
marginal distribution.

6. CONCLUSIONS

This paper proposed a fitting procedure for Markov Modulated Poisson Processes (MMPPs) that matches both
the autocovariance and marginal distribution functions of the rate process. The MMPP is constrained to be



decomposable into a superposition of N two-state MMPPs (2-MMPPs). The fitting procedure works simultaneously
in the state space of N individual 2-MMPPs and on the state space of its equivalent MMPP with 2V states. The
procedure starts by approximating the autocovariance to a weighted sum of exponentials. It then fits the MMPP
parameters in order to match the distribution, within the constraints imposed by the autocovariance matching and
by the mapping relations between the two equivalent models. Our numerical results, which include fitting traffic
traces that exhibit long-range dependence, show that the fitting procedure matches closely both the autocovariance
and the marginal distribution, and achieves a very good performance in terms of queuing behavior, as assessed by
the packet loss ratio suffered by original data and fitted traces. The results illustrate that MMPP models, although
not being intrinsically long-range dependent, can capture this type of behavior for limited time scales. We also give
an example that demonstrates the importance of fitting the complete marginal distribution, as opposed to matching
only the mean, for accurate prediction of the packet loss ratio.
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