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Abstract - Supported on the theoretical framework of Volterra Series, the present paper discusses nonlinear model 
extraction procedures currently in use for multi-tone signal analysis, and proposes a methodology that has been 
successfully applied to small and large-signal distortion regimes of microwave circuits. Good agreement between 
nonlinear simulation results and laboratory measurements of a medium power amplifier driven with band-limited 
white noise, validated the authors’ approach.   

I. INTRODUCTION 

The scarcity of spectrum bandwidth available for present and upcoming wireless telecommunications systems has 
been entailing an increased demand for more linear circuits, stringent distortion figures of merit and progressively 
involved laboratory characterization procedures [1]-[3]. 

 
Microwave/RF nonlinear CAD/CAE now play a dominant role in the telecommunications equipment design 

process, because the inherent circuits’ complexity, associated with the impossibility of getting exact closed-form 
solutions of even the simplest circuit responses to nonlinear regimes, obviates any attempt of hand-made 
calculations. This, in turn, asks for more ingenious simulation techniques, but also accurate nonlinear device models 
and model extraction procedures, since the analysis results can be, at most, as good as the adopted circuit’s 
representation. 

 
Recent advances in the former of these research fields now allow the determination of most circuits’ response to a 

reasonably wide range of stimuli that span from the most simple single-tone or two-tone excitation, to the more 
complex digital modulated carriers, multi-carrier signals or even band-limited noise. 

 
The nonlinear device model field has also sensed some recent advances that can be grouped into the levels of 

model formulation and model extraction procedures. Although there are still some work going on for proposing 
mathematical black-box models or 2D/3D physics device models [4], [5], it seams that empirical modeling based in 
equivalent circuit descriptions has, for this time, won the nonlinear device modeling dispute. Such models associate 
empirical mathematical functions to nonlinear controlled sources (usually voltage dependent current sources) or 
charges/fluxes (for quasi-static nonlinear capacitors or inductors), which are then embedded in a linear equivalent 
circuit network. Therefore, nonlinear device model extraction procedure becomes a two-step process, in which, first, 
the linear equivalent circuit topology is obtained, and then, the parameter sets of the sources or charges (or fluxes) 
are determined. Despite any time a new device family comes into use, novel equivalent circuit topologies and 
element extraction methods are proposed, it seams that equivalent circuits of classic devices like the BJT/HBT or the 
MESFET/HEMT are almost stabilized. So, the research efforts have been progressively directed to the nonlinear 
element model formulations and their parameter extraction methodologies. 

 
The present paper addresses this problem by using the theoretical framework of Volterra Series to state some basic 

conditions of nonlinear system identification. Then, the methodologies commonly in use are discussed under that 
theory, and the author’s approach is proposed. That is finally validated by showing good agreement between 
nonlinear simulation results and laboratory measurements of a medium power amplifier driven with band-limited 
white noise. 
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II. THEORETICAL BASIS FOR THE EXTRACTION OF DYNAMIC NONLINEAR DEVICE MODELS 
For the sake of simplicity, let us consider a certain class of single-input/single-output dynamic nonlinear systems 

that can be represented by a Volterra Series. If their input signal, xi(t), is composed of a combination of various 
sinusoids: 
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then, their output response, yo(t), can be represented by the following series: 
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in which the Hn(ωq1, …, ωqn) are the so-called nonlinear transfer functions, NLTF, that completely identify the 
system up to order n. The Volterra Series representation then states that the unique identification of an n’th order 
system requires the determination of n NLTFs, which depend on a number of frequencies equal to their order. That 
is, 1st order NLTF (or linear transfer function) demands for several tests using one sinusoid, 2nd order NLTF 
demands for several tests using two independent sinusoids, and the complete n’th order NLTF identification requires 
the use of n independent sinusoids, or n degrees of freedom. 
 

Expressing that in more usual terms, it means that we cannot rely on simple one-tone tests to extract the 2nd order 
system behavior, since 2nd harmonic do not contain all information needed, nor we should rely on one-tone or two-
tone tests to extract even the simplest 3rd order system’s characteristics. This has already been widely recognized by 
the scientific community dedicated to the modeling extraction field, which led to first use one-tone tests in nonlinear 
regimes, like the so-called large-signal S-parameters [6], and more recently two-tone excitations of large amplitude. 
Indeed, that has been driven by the need to specify and build what could be assumed as an ideal nonlinear network 
analyzer [7]-[10]. Unfortunately, expression (2) discourages further attempts in this way since it states that the 
extraction of an accurate dynamic nonlinear system of n order requires laboratory measurements of system responses 
to n independent sinusoids. And this seams to be unavoidable, unless it is assumed that the system is mildly nonlinear 
(and thus requiring only a small number of NLTFs) or it exhibits a rapidly vanishing memory compared to the time-
scales of signals it is intended to operate. 

 
The first hypothesis should be discarded in general, as it is widely recognized that, e.g., 3rd order Volterra 

representations are insufficient to describe common amplifiers driven close to, or above, their 1dB compression 
point. It is, thus, only utilized for simulating quasi-linear distortion regimes. The second hypothesis is even more 
unreasonable as microwave devices are continuously driven to their frequency limits. 

 
There is, however, an alternative that can be explored. Since SPICE-like or harmonic-balance simulators require 

equivalent circuit models where the elements are either dynamic, but linear, or nonlinear, but quasi-static, the 
proposed way could be to first wipe out the device from its memory by extracting the linear reactive elements, and 
then simply extract the reminding memoryless nonlinear model descriptions of the dependent sources or charges. 

 
For the concrete case of two-port nonlinear devices, like microwave/RF transistors, that could be implemented 

following the approach described in Werthof et al. [11]. There, the linear sub-network was considered as a four-port, 
described, as in Fig. 1, by a set of linear parameters, e. g. a 4x4 [Y] matrix, in which the 1st and 2nd ports are the 
access ports, and the 3rd and 4th are connections to the nonlinear four-pole.  
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Fig. 1 - Memoryless nonlinear two-port embedded in a linear dynamic circuit. 
 
 
 
 
Since it is assumed that the required linear equivalent circuit extraction procedure has been previously performed, 

the 4x4 [Y] matrix is uniquely known, as are the 1st order linear transfer functions of the nonlinear sub-network. 
Thus, it is always possible to deduce (I3, I4, V3, V4) from the access currents and voltages (I1, I2, V1, V2), and the 
nonlinear two-port becomes de-embedded. 

III. ILLUSTRATIVE MODEL EXTRACTION EXAMPLE 
For extracting the memoryless nonlinear model descriptions, several considerations must also be taken into 

account, which will determine the selection of the optimum functional descriptions and the sets of measurements to 
be performed. In particular, if multi-tone distortion simulations are desired, then a good mathematical function is 
necessary that is able to approximate, not only the overall device I/V characteristics, but also their first three 
derivatives. That is especially important when usual approximation routines (like minimum squares) or more 
involved approaches (like neural networks) are used [12]. 

 
Our best results were obtained by beginning with a study of the detailed device characteristics from physics 

simulations. From that, we proposed an approximating function [13], [14], and then extracted the model parameters 
from DC and small-signal S-parameter data (0’th and 1st order model characteristics), but also from 2nd and 3rd 
order derivatives obtained from 2nd and 3rd order harmonic and intermodulation distortion (2nd and 3rd order 
model characteristics) [15], [16]. 

 
Fig. 2 represents the equivalent circuit model extracted for our sample device - a general-purpose GaAs MESFET 

- using the now classic method of Dambrine [17]. 
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Fig. 2 - GaAs MESFET equivalent circuit model used in the simulations and for deembedding the nonlinear current 
and charge nonlinearities. 

 
 
The adopted nonlinear drain-source current model and gate-source charge model are shown in (3-6) and (7), 

respectively,  
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while Fig. 3 and Fig. 4 present a comparison between the correspondent extracted and model predicted 1st, 2nd and 
3rd order derivatives. 
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Fig. 3 – Measured and modeled drain source current, and its derivatives, Gm, Gm2 and Gm3. 
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Fig. 4 – Measured and modeled gate source capacitance, and its derivatives Cgs, Cg2, Cg3. 
 

IV. NONLINEAR DEVICE MODEL VALIDATION  
In order to validate the proposed model extraction methodology, a microwave amplifier was then built around our 

GaAs MESFET and tested under common one-tone, two-tone and also very demanding band-limited white noise 
excitations. Fig. 5 represents a comparison between measured and simulated Adjacent Channel Power Ratio, ACPR, 
power sweep data, corresponding to this latter stimulus. Fig. 6, depicts the whole spectrum of one of these power 
points where not only the adjacent-channel distortion, but also the co-channel distortion is shown. The distortion 
measurements were made by the authors’ Co-Channel Distortion Ratio, CCPR, measurement set-up [2], and the 
simulations were obtained with the extracted model inserted in an in-house developed artificial frequency mapping 
based harmonic-balance simulator [18].  
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Fig. 5 – Measured and Simulated ACPR vs input power sweep 
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Fig. 6 – Measured and Simulated ACPR and CCPR 
 
A close agreement between the two sets of data is observed in both small and large-signal regimes, which validates 

the modeling approach in a fairly wide range of the amplifier operation modes. 
  
 
 

IV. CONCLUSIONS 
This paper presented a well-defined methodology for the extraction of nonlinear device models. It starts by first 

deembedding the memoryless nonlinear elements from the linear sub-circuit network of the equivalent circuit. Then, 
it proposes convenient approximating functions for the nonlinearities, and extracts their parameter sets from large-
signal DC I/V, small-signal S parameters and intermodulation measurements. The validity of that approach was 
shown by comparing measured and simulated distortion characteristics of a microwave amplifier driven by band-
limited white noise. 
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