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Abstract—In this paper, we have derived the structure of the
minimum mean-squared error (MMSE) receiver for non-linearly
distorted orthogonal frequency division multiplexer (OFDM) sig-
nals in additive white Gaussian noise (AWGN). We demonstrate
that this receiver consists of a set of correlators or a set of
filters matched to every possible frequency components in the
non-linearly distorted OFDM signal followed by a simple linear
transformation. Simulation results show that the MMSE receiver
outperforms the conventional one, particularly in the presence
of strong nonlinearities. Finally, we conjecture that this receiver
is useful in OFDM based fiber-radio applications.

Index Terms—OFDM, MMSE receiver, non-linear distortion,
radio over fiber.

I. INTRODUCTION

Orthogonal Frequency Division Multiplex (OFDM) is a very
popular multicarrier transmission scheme. In fact, it has been
adopted and/or proposed for several wideband applications
such as Digital Video Broadcast (DVB) [1], Digital Audio
Broadcast (DAB) [2], Local Area Wireless Networks (e.g.
IEEE802.11, MMAC and HIPERLAN/2) [3] and Ultra Wide-
Band (UWB) [4].

Due to its multicarrier nature, OFDM offers many advan-
tages for wireless applications including good performance in
multipath fading environments, high spectral efficiency and
IFFT/FFT based transceiver implementations. However, one
of the main disadvantages of multicarrier modulation is its
high Peak-to-Average Power Ratio (PAPR) and consequently
its vulnerability to non-linear distortion.

Currently, Radio-over-Fiber (RoF) is a technology that is
being increasingly used to transport and deliver radio signals
from remote antenna units (RAU) to a central station (CS)
[5], [6], [7], including OFDM and Ultra-Wideband (UWB)
signals [4]. In RoF systems, the electrical signal is converted
into the optical domain using electro-optic (E/O) converters,
such as Mach-Zehnder modulators (MZM) and laser diodes,
and then sent through an optical fiber to an optical-electric
(O/E) converter such as a PIN diode. RoF systems offer
several potential benefits such as low loss, high bandwidth
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Fig. 1. Equivalent baseband OFDM communications system model.

transmission and low complexity of the RAU, making these
techniques suitable to transport and deliver high bitrate multi-
carrier signals for long distances. However, these systems also
suffer from specific impairments which include the nonlinear-
ities associated with various optical components such as E/O
converters. This type of impairment is particularly problematic
for OFDM signals, so efficient techniques are on demand to
counteract the nonlinear phenomena.

In [8] and [9], we have derived the structure of the opti-
mum receiver for non-linearly distorted OFDM signal. This
optimum receiver consists of a set of correlators or a set of
filters matched to every possible frequency component in the
non-linearly distorted OFDM signal followed by a maximum
likelihood (ML) detector by minimizing the error probability.
In order to bypass complexity issues, we have also adopted a
sub-optimal iterative procedure rather than the optimal exhaus-
tive one associated with ML detection. We have previously
demonstrated the potential of such optimum receiver in RoF
uplink systems based on OFDM [9]. In this paper, in turn, we
have derived the structure of minimum mean-squared error
(MMSE) receiver for non-linearly distorted OFDM signal.

This paper is organized as follows: In section 2, we intro-
duce the system model. Section 3 examines the structure of the
MMSE receivers while section 4 examines its performance.
Finally section 5 summarizes the main conclusions of the
paper.

II. SYSTEM MODEL

We consider the OFDM communications system model
shown in Figure 1, where s(t) is the complex envelope of
the transmitted OFDM signal, r(t) is the complex envelope
of the received OFDM signal, n(t) is the complex additive
white Gaussian noise (AWGN) with power spectral density
N0, and the input-output characteristic f(·) of the bandpass
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Fig. 2. Structure of the linear MMSE OFDM receiver.

non-linearity is represented by a “baseband” power series
given by [10]

f(x) =
∞∑

i=1

c2i−1x|x|2i−2. (1)

We note in passing that this model can also be used to
represent a typical RoF uplink system, where the bandpass
non-linearity and additive white Gaussian noise represent the
Mach-Zehnder Modulator (MZM) and the PIN photodiode
thermal and shot noise, respectively.

The complex envelope of the transmitted OFDM signal is
given by [8]:

s(t) =
∞∑

k=−∞

N−1∑
n=0

Sk,ngn(t− kT ) (2)

gn(t) =





1√
T

ej 2πnt
T , if t ∈ [0, T ]

0, if t /∈ [0, T ],

(3)

where Sk,n is the complex transmitted symbol in time slot k
and subcarrier n, N is the number of OFDM subcarriers and
T is the OFDM symbols duration. This signal is distorted both
by the nonlinearity and AWGN. So, the complex envelope of
the received OFDM signal is given by:

r(t) =
∞∑

i=1

c2i−1s(t)|s(t)|2i−2 + n(t), (4)

or

r(t)=
∞∑

i=1

c2i−1

∞∑

k=−∞

N−1∑
n1=0

· · ·
N−1∑

n2i−1=0

Sk,n1 . . . Sk,niS
∗
k,ni+1

. . . S∗k,n2i−1

1
T i−1

× gn1+···+ni−ni+1−···−n2i−1(t− kT ) + n(t). (5)

The OFDM receiver will process the non-linearly distorted
OFDM signal contaminated with noise in (4) or (5), in a linear
fashion in order to optimize a performance metric, namely, the
mean-squared error (MSE).

III. STRUCTURE OF THE MMSE RECEIVER

We now consider the structure of the linear MMSE receiver
for non-linearly distorted OFDM signals in AWGN. We take
the receiver to consist of a bank of N linear filters with impulse
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Fig. 3. Alternative structure of the linear MMSE OFDM receiver.

responses un(t), n = 0, · · · , N − 1, that produce estimates of
the original information symbols (see Figure 2).

The objective is to determine the set of linear filters impulse
response that minimize the linear MSE given by ξ

ξ = E
{
‖ Sk − Ŝk ‖2

}
=

=
N−1∑
n=0

E
{
‖ Sk,n − Ŝk,n ‖2

}
=

=
N−1∑
n=0

E
{‖ Sk,n − [un(tk) ∗ r(tk)] ‖2} , (6)

where Sk = [Sk,n;n = 0, · · · , N − 1] is the vector of infor-
mation symbols in time slot k, Ŝk = [Ŝk,n; n = 0, · · · , N−1]
is the vector of estimates of information symbol in time slot
k and “∗” denotes the convolution. Representing the complex
envelope of the received OFDM signal, r(t), by its non-linear
distorted and white Gaussian noisy components y(t) and n(t),
respectively, (6) can be rewritten as

ξ =
N−1∑
n=0

[
E{Sk,nS∗k,n}+

+
∫∫

un(τ1)u∗n(τ2)E{r(tk − τ1)r∗(tk − τ2)}dτ1dτ2 −

−
∫

u∗n(τ)E{Sk,nr∗(tk − τ)}dτ −

−
∫

un(τ)E{S∗k,nr(tk − τ)}dτ

]
=

=
N−1∑
n=0

[
E{|Sk,n|2}+ 2N0

∫
un(τ)u∗n(τ)dτ +

+
∫∫

un(τ1)u∗n(τ2)E{y(tk − τ1)y∗(tk − τ2)}dτ1dτ2 +

−
∫

u∗n(τ)E{Sk,ny∗(tk − τ)}dτ −

−
∫

un(τ)E{S∗k,ny(tk − τ)}dτ

]
. (7)

Using calculus of variations [11] it is possible to find the set
of complex functions un(t) that minimize the mean squared
error, ξ(un(t)). From the Fréchet differential of ξ,

d

dα
{ξ (un(t) + αh(t)) |α=0} = 0, ∀h(t), (8)



it follows that the optimal linear filter responses satisfy the set
of integral equations:

2
∫

un(τ ′)E{y∗(tk − τ)y(tk − τ ′)}dτ ′ + 2N0un(τ) =

= E{Sk,ny∗(tk − τ)}, n = 0, · · · , N − 1. (9)

Let us assume now that the non-linearity exhibits non-linear
behavior of maximum order L (L is odd), i.e., in the model in
(4) c2i−1 = 0 for i > (L+1)/2. Consequently, it follows (from
the integral equations) that the optimal linear filter responses
are given by:

un(t) =
imax∑

i=imin

αi,ng∗i (t0 − t), n = 0, · · · , N − 1, (10)

where imin = −(L−1)(N−1)/2, imax = (L+1)(N−1)/2,
and the coefficients αi,n, i = −(L− 1)(N − 1)/2, · · · , (L +
1)(N − 1)/2, n = 0, · · · , n− 1 correspond to the solution of
a set of linear equations

imax∑

i=imin

αi,nE{ZiZ
∗
m}+ 2N0αm,n =E{Sk,nZ∗m},

m = −1
2
(L− 1)(N − 1), · · · ,

1
2
(L + 1)(N − 1), (11)

where Zm is a random variable given by:

Zm =
∫ (k+1)T

kT

y(t)g∗m(t− kT )dt =

=
∞∑

i=1

c2i−1

N−1∑
n1=0

· · ·
N−1∑

n2i−1=0

Sk,n1 · · ·Sk,niS
∗
k,ni+1

· · ·S∗k,n2i−1

1
T i−1

×
× δ(m− n1 − · · · − ni + ni+1 + · · ·+ n2i−1). (12)

The expectations E{ZiZ
∗
m} and E{Sk,nZ∗m}

are the autocorrelation matrix of Z =
[Z−(L−1)(N−1)/2, · · · , Z(L+1)(N−1)/2] and the cross-
correlation matrix of Z and S, respectively, given by

E{ZiZ
∗
m} =

=
∞∑

l=1

∞∑

l′=1

c2l−1c
∗
2l′−1

N−1∑
n1=0

· · ·
N−1∑

n2l−1=0

N−1∑

n′1=0

· · ·
N−1∑

n′
2l′−1

=0

E
{

Sk,n1 · · ·Sk,nl
S∗k,nl+1

· · ·S∗k,n2l−1
S∗k,n′1

· · ·

· · ·S∗k,n′
l′
Sk,n′

l′+1
· · ·Sk,n′

2l′−1

} 1
T l+l′−2

×
×δ(i− n1 − · · · − nl + nl+1 + · · ·+ n2l−1)×
×δ(m− n′1 − · · · − n′l′ + n′l′+1 + · · ·+ n′2l′−1) (13)

and

E{Sk,nZ∗m} =
∞∑

l′=1

c∗2l′−1

N−1∑
n1=0

· · ·
N−1∑

n2l′−1=0

E
{

Sk,nS∗k,n1
· · ·S∗k,n′l

Sk,nl′+1
· · ·Sk,n2l′−1

} 1
T l′−1

×
×δ(m− n1 − · · · − n′l + nl′+1 + · · ·+ n2l′−1). (14)

In order to obtain these correlations, we need to calculate
the expected values E{·} in (13) and (14). Assuming that the
complex transmitted symbols in each OFDM subcarrier are
independent then [12]

E
{

Sk,n1 · · ·Sk,nl
S∗k,nl+1

· · ·S∗k,n2l−1
S∗k,n′1

· · ·

· · ·S∗k,n′
l′
Sk,n′

l′+1
· · ·Sk,n′

2l′−1

}
=

N−1∏

n′=0

E
{
(Sk,n′)r(S∗k,n′)

s
}

(15)

where r and s denote the number of elements in the form
Sk,n′ and S∗k,n′ , respectively. Note that in (14) l = 1.

As it can be seen, the derivation of the impulse responses
of the linear filters un(t) can be extremely complex in the
computational sense, depending on the number of OFDM
subcarriers, N , and the nonlinear order of the channel, L.

In a BPSK modulation scheme, complex transmitted sym-
bols can take two possible values, {Aejπb; b = 0, 1}. Thus,
assuming that complex transmitted symbols have equal prob-
ability, the expectations in (15) are given by

E
{
(Sk,n′)r(S∗k,n′)

s
}

=





A(r+s), r − s = 0,±2,±4, · · ·

0, else.
(16)

Interestingly, we can appreciate the architecture of the linear
MMSE receiver for non-linearly distorted OFDM signal in
AWGN from two view points. On the one hand, we can see
the MMSE receiver as consisting of a set of linear filters given
by (10) and (11) (see also Figure 2). On the other hand, we
can see the linear MMSE receiver as consisting of two stages
(see Figure 3): the first stage consists of a set of correla-
tors or a set of filters matched to every possible frequency
component in the non-linearly distorted OFDM signal. This
stage computes a set of sufficient statistics. The second stage
is a simple linear transformation which is solely defined by
the coefficients in (11). In this sense, the architecture of the
linear MMSE receiver is identical to the architectures of the
maximum likelihood receiver [8], [9], where the ML detector
is substituted by the linear transformation and the decision
devices.

IV. RESULTS

This section examines the performance of the MMSE re-
ceiver for nonlinearly distorted OFDM signals in AWGN. In
particular, we compare the performance of the linear MMSE
receiver to that of the conventional receiver composed by a
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simple bank of N correlators matched to every OFDM sub-
carriers. We have conducted BER simulations for the system
model in Figure 1. We have taken the non-linearity to be a
simple third-order non-linearity where c1 = 1, c3 = −0.75
and c2i−1 = 0 for i > 2 because of the extremely high
computational complexity associated with (13) and (14) when
a higher nonlinear order is considered. We have also taken, for
simplicity, the OFDM signal to be based on BPSK modulation,
and with 8, 16 or 48 subcarriers. The BER performance is
considered for different Eb/N0 values and different output
back-off (OBO). The OBO is given by

OBO = 10 log10

POUTmax

〈POUT 〉 , (17)

where
POUTmax = −1

2

(
16
81

)
c3
1

c3
. (18)

POUTmax and 〈POUT 〉 are the maximum power and the
average power at the output of the non-linearity under con-
sideration. This measure represents the degree of nonlinear
strength.

Figures 4 and 5 show the bit error rate (BER) as a
function of Eb/N0 for 8, 16 and 48 OFDM subcarriers and
different output back off (OBO) values. It can be seen that
the MMSE receiver outperforms the conventional receiver.
For small Eb/N0 values there is no difference between the
receivers, because the effect of the AWGN component is
substantially higher than the nonlinear distortion effect. When
the Eb/N0 starts to increase, the AWGN component decreases
and the nonlinear distortion effect becomes dominant. In this
condition, MMSE receiver outperforms the conventional one
considerably.

V. CONCLUSIONS

In this paper, we have derive the structure of the MMSE
receiver for non-linearly distorted OFDM signals in AWGN.

This MMSE receiver exhibits a very simple structure con-
sisting of a bank of correlators of filters matched to every
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possible frequency component in the non-linearly distorted
OFDM signal followed by a linear transformation. Simulation
results have shown that the MMSE receiver outperforms the
conventional OFDM receiver.

With a current widespread interest in Radio over Fiber ap-
plications, where nonlinear phenomena associated with optical
components is an important issue, we conjecture that this
MMSE receiver is adequate to considerably improve perfor-
mance, without incurring significant complexity penalties.

REFERENCES

[1] ETSI, “Digital video broadcasting (DVB); frame structure, channel cod-
ing and modulation for digital terrestrial television (DVB-T),” European
Telecommunications Standards Institute (ETSI), 1997.

[2] ——, “Radio broadcasting systems; digital audio broadcasting (DAB)
to mobile, portable and fixed receivers,” European Telecommunications
Standards Institute (ETSI), 1995.

[3] ——, “Broadband radio access network (BRAN): Hyperlan type 2 func-
tional specification part 1 physical layer,” European Telecommunications
Standards Institute (ETSI), 1999.

[4] Y. Ben-Ezra, B. Lembrikov, M. Ran, A. Leibovich, and E. Borohovich,
“Experimental and theoretical investigation of the multiband ofdm
ultra-wideband radio-over-fiber transmission,” 2008 IEEE International
Conference on Ultra-Wideband, 2008.

[5] J. O’Reilly and P. Lane, “Remote delivery of video services using mm-
waves and optics,” Journal of Lightwave Technology, vol. 12, no. 2, pp.
369–375, 1994.

[6] K. Kitayama, “Architectural Considerations of Fiber-Radio Millimeter-
Wave Wireless Access Systems,” Fiber And Integrated Optics, vol. 19,
no. 2, pp. 167–186, 2000.

[7] H. Ogawa, D. Polifko, and S. Banba, “Millimeter-wave fiber optics
systems for personal radio communication,” Microwave Theory and
Techniques, IEEE Transactions on, vol. 40, no. 12, pp. 2285–2293, 1992.

[8] M. Rodrigues and I. Wassell, “Optimum receivers for non-linearly
distorted OFDM signals,” Vehicular Technology Conference, 2004. VTC
2004-Spring. 2004 IEEE 59th, vol. 2, 2004.

[9] J. Oliveira, M. Rodrigues, and H. Salgado, “Optimum receivers for
non-linear distortion compensation of OFDM signals in fiber supported
wireless applications,” 2007 IEEE International Topical Meeting on
Microwave Photonics, pp. 120–123, 2007.

[10] S. Benedetto and E. Biglieri, Principles of Digital Transmission: With
Wireless Applications. Kluwer Academic Publishers, 1999.

[11] R. Weinstock, Calculus of Variations. With Applications to Physics and
Engineering. New York, 1974.

[12] M. Rodrigues, “Modelling and Performance Assessment of OFDM
Communication Systems in the Presence of Non-linearities,” PhD The-
sis, University College London, 2002.


