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Abstract — In a recent work, we have introduced a nonlocal
homogenization method to extract the dielectric function of
periodic structured materials formed by dielectric and metallic
inclusions of arbitrary shape. Here, we report a Finite-
Difference Frequency-Domain (FDFD) implementation of the
nonlocal homogenization method.

I. INTRODUCTION

The interest in structured materials with electromagnetic
properties not readily available in nature has grown
significantly in the last decade. Such materials (known as
metamaterials) may interact with electromagnetic waves in a
controlled and desired way, hence opening a whole new road
of exciting possibilities such as imaging not limited by
diffraction [1] or the realization of very compact waveguides
with subwavelength mode sizes [2-3]. During recent years it
has been shown that by structuring conventional materials, so
that the geometry of the inclusions and their spatial
arrangement is chosen judiciously, it may be possible to
synthesize novel media with unconventional properties, such
as simultaneously negative permittivity and permeability [4],
permittivity near zero [5], or extreme anisotropy [6]. Even
though these concepts and ideas are today widely accepted
and understood, the extraction of the effective parameters of
metamaterials remains a matter of active research since the
typical homogenization methods [7] are not completely
general and unambiguous, and may fail near resonances or in
presence of spatial dispersion.

Recently, our group has introduced a systematic and
general homogenization method to extract the effective
parameters of composite media [8]. Unlike previous works,
which invariably assume that the electrodynamics of the
material can be described in terms of an effective permittivity
and permeability (or more generally in terms of a
bianisotropic model), the method introduced in [8] describes
the metamaterial in terms of a nonlocal dielectric function,
i.e. in terms of a spatially dispersive model. A material with
spatial dispersion is characterized by the fact that the
polarizability acquired by the inclusions does not depend
exclusively on the local electric field in the immediate
vicinity of the particle, but may depend ultimately on the
electric field in the whole crystal. The advantage of such
approach is that it is completely general, and allows modeling
arbitrary composite materials, even in the presence of
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nonlocal effects. Moreover, in Ref. [8] it was demonstrated
that the conventional local parameters (permittivity and
permeability) may be obtained (if they have physical
meaning) directly from the nonlocal dielectric function
through a relatively simple procedure.

In Ref. [8] we have shown how the dielectric function of a
structured material may be numerically computed using the
Method of Moments (MoM). Even though such procedure is
completely general, it is well known that the MoM is mostly
adequate for the characterization of metallic structures, being
not so efficient in the analysis of dielectric structures, where
finite difference methods are generally much more versatile
and powerful.

The goal of this paper is to apply the finite difference
frequency domain (FDFD) [9] method to solve numerically
the homogenization problem formulated in Ref. [8], and
extract the effective parameters of periodic dielectric
materials made of nonmagnetic dielectric inclusions with
arbitrary shapes.

In this work we assume that the fields are monochromatic

and with time dependence e/*.

Il. HOMOGENIZATION USING THE FDFD METHOD
A. The homogenization method

The method proposed in [8] permits the extraction of the
effective parameters of a generic periodic composite material
formed by nonmagnetic dielectric or metallic inclusions. The
permittivity &, may be a complex number and depend on

frequency. The unit cell Q of a hypothetical metamaterial is
shown in Fig. 1.
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Fig. 1. Unit cell of a generic metamaterial with a dielectric
inclusion and a PEC inclusion.



The dielectric crystal is obtained by translating the unit cell
along the primitive vectors a;, a, and as, which define the
periodicity of the system.

The objective of the method is to calculate the nonlocal

dielectric function zeff =§(a), k) of the metamaterial,
where w is the angular frequency and k = (k,,k,k,) is the

wave vector. The possible dependence of ;eff on the wave

vector K results from hypothetical spatial dispersion effects,
which may exist in relevant metamaterials [10], even for very
low frequencies [11-12]. As discussed in the Introduction, it

may be advantageous to extract a(a), k) instead of the

parameters implicit in the bianisotropic constitutive relations
[13] since the latter formalism is less general, and because
there is no systematic method to compute the effective
parameters associated with the bianisotropic model.

In order to compute the unknown dielectric function, the
structure is excited with a periodic external distribution of
electric currentJ, . It is assumed that J, has the Floquet

property, ie., J.e is periodic along the crystal.

Consequently, the excited microscopic electric and induction
fields (E, B) have also the Floquet property. The fields E and
B verify the frequency domain Maxwell equations,

VxE =-jwB (1a)
VB 23,43, + jwsyE. (1b)
Ho

where J, =&,(&, —1) jwE is the induced current relative to

the host medium, which, without loss of generality, is
assumed vacuum.

In order to homogenize the structure, we introduce the
average macroscopic fields E,, and B, :
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The macroscopic fields verify the following relations:
—kxE, +wB, =0

B 2
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where P, = 1 J. J.e"7d3r is the applied polarization
cell J@O Y9
vector and P, is the generalized induced polarization vector,
Py = | Jge el 3
Vcellja) Q

The system of equations (2) shows that the dielectric function

g(w, k) must be defined consistently with the relation:

Eeff (@, k)'Eav =&Ea + Pg ) 4
In particular, it should be clear from Eqg. (4) that one can
determine the dielectric function for fixed (w,k) provided
P, is known for three independent vectors E,,. Hence, it is

possible to compute the unknown dielectric function

following the algorithm described next. To begin with, one
selects three different distributions for the applied current J,
(w and k are fixed) such that the corresponding average
fields E,, form an independent set of vectors in the three

dimensional space. Next, for each distribution of current, the
source driven electromagnetic problem (1) is numerically
solved to obtain the microscopic fields. Finally, using the
calculated microscopic fields, E,, and P, are computed and

&q IS obtained using Eq. (4). The described approach has

the important property that g is computed from the

solution of a source-driven problem. Unlike other methods
relying on the band structure of the periodic material, this
permits to determine the effective parameters of the
metamaterial, even when the frequency of interest lies in a
complete band gap, or when the inclusions are lossy.

B. FDFD method

In order to solve the source-driven problem (1) we employ
a widely used FDFD method based on the Yee’s-mesh [14].
In the finite differences (FD) method, the unit cell Q is
divided into many rectangular grids. The FD method is
excellent to model devices with a complex geometry or
structures of finite size.
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Fig. 2. 2D Yee’s mesh for the homogenization of 2D periodic
metamaterials. (TE modes’ mesh).(After Ref. [9])

For simplicity, in the following we will assume that the
geometry of the problem is intrinsically two-dimensional
(axis of symmetry is along z) and that the electromagnetic
waves are transverse electric (TE?). Hence, in our case, the
numerical problem to be solved assumes the following form
from Eq. (1):

O’E, 0%E ,
8)(6; B 82x _ké‘gr Ex :_Jno‘]e,x
R (5)
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In the above system,E,, E,, J,, and J,, are the

microscopic fields and applied current densities along the x
and vy coordinates, respectively. k, is the wavenumber in



free-space and 7, the impedance of free space. Finally, &,

represents the relative electric permittivity of each considered
point on the structure. The transverse plane of the unit cell is
then discretized using Yee’s mesh for the TE mode as shown
in Fig. 2.

In order to discretize the electric field derivatives in Eq. (5),
the following formulas proposed in [15] are used:
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where Axand Ay is the grid spacing in the x- and vy -

directions, respectively. For periodic structures, for a grid
with N +1 nodes in each side of a unit cell, there are 2N?
FD equations and 2N unknowns. When a given node is
situated at the boundary of the unit cell, some of the adjacent
nodes are out of the unit cell but they can be “brought back”
using the periodic boundary conditions,

O(x+a,y+b)=e M Pp(x,y). (7
Here, ®(x,y) represents a generic field component, k, ,a,

k, and b are the wave vector components and lattice

constants along the x - and vy - directions, respectively.

Substituting Eq. (6) into Eqg. (5) and taking into account the
Floquet boundary conditions (7), it is possible to numerically
solve the source-driven problem formulated in Sec. Il A, and
in this way to extract the unknown dielectric function.

IHI.LNUMERICAL RESULTS
A. Validation of the FDFD method

In order to validate the FDFD method, initially we
computed the dielectric function of a one dimensional
metamaterial (Fig. 3) formed by a periodic stack of dielectric
slabs normal to the y-direction. The numerically extracted
results were then compared with theoretical results derived
from the exact analytical solution of the homogenization
problem.

The unit cell of the periodic structure has a single
horizontal dielectric inclusion with permittivity ¢, =3.0, as

shown in Fig. 3a. We studied in-plane propagation with
polarization TE®. The homogenized material is anisotropic
with principal directions along the coordinate axes. The
calculated effective permittivity along the principal axes is
represented in Fig. 3d as a function of frequency for k=0.
The effective parameters are nearly independent of
frequency, and match well the theoretical ones, obtained from
the analytical solution of the homogenization problem.
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Fig. 3. (a): geometry of the unit cell, representing a
metamaterial formed by a periodic stack of dielectric slabs.
The inclusion has a permittivity &, =3.0and thickness

t =0.5a . (b) and (c): amplitude of the electrical field as a
function of y forafixed x, when the current source is
directed along x and vy, respectively. The discrete triangles
in (b) and (c) correspond to the values extracted with the
FDFD method and the solid lines are the theoretical values.
(d): the green and blue solid curves represent the extracted
& and &, , respectively, as function of frequency. The

discrete circles in (d) represent the results calculated
analytically.

The panels (b) and (c). are drawn for k,a=0.37, k, =0
and k,a=087 and show the absolute value of the
microscopic electrical field when the current source is
directed along x, i.e., J, = Jeﬁx ,oralongy,ie. J,= Jeﬂy,
respectively. When k, =0, E _ (E,) vanishes when the

current source is directed along y (x). Consistent with the
boundary conditions at a dielectric interface, the ratio
between E, inside and outside the dielectric slab, is

approximately equal to the ratio between the permittivities.

B. Extraction of the effective permittivity of a material formed
by plasmonic particles

In a second example, we have computed the effective
dielectric function of a metamaterial formed by square-
shaped tilted plasmonic inclusions (with negative
permittivity) arranged in a square lattice (Fig. 4) [16].

The extracted permittivity is shown in Fig. 4 as a function
of the (negative) permittivity of the square-shaped inclusion.
The quasi-static regime is assumed and losses are taken into
account. Unlike the previous example, it is not possible to
solve the homogenization problem analytically. It can be seen
that the composite material may have an effective response
quite distinct from those of its constituents, and that the
effective permittivity of the structure may have several



singularities. This irregular behavior is a consequence of the
excitation of multiple quasi-static resonances, which are
characteristic of plasmonic particles (surface plasmon
resonances). In particular, the sharp corners of the plasmonic
inclusion may cause a great enhancement of the
electromagnetic field in their vicinity. It may be seen in Fig. 4
that when the corners of the inclusion are less rounded (blue
line) the number and density of singularities increases.
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Fig 4. Real part of the effective quasi-static permittivity
&4 as afunction of the real part of the inclusion’s

permittivity &, , using different rounding R/a=0.16 (green

curve), R/a=0.04 (blue curve) and small losses ¢, =0.0l¢, . R

is the radius of the corners. The geometry of the unit cell of

the two dimensional metamaterial is shown in the inset: the

unit cell consists of a square-shaped inclusion with negative
permittivity &, =&/ — je; and sharp corners. The host

material is air.

The described results are consistent with those obtained in
Ref. [16] using a different homogenization approach. It was
shown in [16] that when the inclusion has negative
permittivity and an infinitely sharp wedge, the
electromagnetic fields may have a very pathological behavior
at the wedge, and, in the absence of loss, the stored energy
may not be finite. These problems can be avoided by either
rounding the corners of the sharp wedge, and possibly by
adding loss to the material, as our results have also
confirmed.

In conclusion, we have demonstrated that the FDFD may be
an excellent solution to solve the homogenization problem
formulated in Ref. [8], yielding very accurate results, and
allowing for the computation of the effective parameters of
metamaterial structures formed by dielectric inclusions with
arbitrary shapes.

REFERENCES
[1] J.B. Pendry, “Negative Refraction Makes a Perfect
Lenses”, Phys. Rev. Lett., vol. 85, pp. 3966-3969,
October 2000.
[2] N. Engheta, “An Idea for Thin Subwavelength
Cavity resonators using metamaterials with Negative

(3]

[4]

[5]

[6]

[7]

(8]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

Permittivity and permeability”, IEEE Antennas
Wireless Propag. Lett., vol. 1, pp. 10-13, 2002.

A. Alu and N. Engheta, “Optical Nanotransmission
Lines:  Synthesis of Planar  Left-Handed
Metamaterials in the Infrared and Visible Regimes”,
J. Opt. Soc. Am. B, vol. 23, pp. 571-583, 2006.

D. R. Smith, W. J. Padilla, D. C. Vier, S. C. Nemat-
Nasser, and S. Schultz, , Phys. Rev. Lett., vol.84,
4184 (2000).

M. Silveirinha and N. Engheta, “Tunneling of
Electromagnetic Energy trough Subwavelength
Channels and Bends using & -Near-Zero Materials”,
Phys. Rev. Lett., vol. 97, 157403, October 2006.

P. A. Belov, Y. Hao, and S. Sudhakaran,
“Subwavelength Microwave Imaging Using an
Array of Parallel Conducting Wires as a Lens”,
Phys. Rev. B, vol. 73, 033108, January 2006.

D. R. Smith, S. Schultz, P. Marko§ and C. M.
Soukoulis, “Determination of effective permittivity
and permeability of metamaterials from reflection
and transmission coefficients”, Phys. Rev. Lett. B,
vol. 65, 195104 (2002).

M. Silveirinha, “Metamaterial homogenization
approach with application to the characterization of
microstructured ~ composites  with  negative
parameters”, Phys. Rev. B, vol. 75, 115104, March
2007.

Chin-Ping Yu and Hung-Chun Chang, “Compact
finite-difference frequency-domain method for the
analysis of two-dimensional photonic crystals”,
Opts. Express, vol. 12, 1397, March 2004.

V. Agranovich and V Ginzburg, “Spatial dispersion
in Crystal Optics and the Theory of Excitons”,
Wiley-Interscience, New York, 1996.

P. A. Belov, R. Marqués, S.I. Maslovski, I. S.
Nefedov, M. Silveirinha, C. R. Simovski, and S. A.
Tretyakov, “Strong spatial dispersion in wire media
in the very large wavelength limit”, Phys. Rev. B,
vol. 67, 113103, March 2003.

A. L. Pokrovsky and A. L. Efros, “Nonlocal
electrodynamics of two-dimensional wire mesh
photonic crystals”, Phys. Rev. B, vol. 65, 045110,
January 2002.

I. V. Lindell, A. H. Sihvola, S. A. Tretyakov, and A.
Viitanen, “Electromagnetic Waves in Chiral and Bi-
Isotropic Media”, Artech House, Boston, 1994.

K. S. Yee, “Numerical Solution of Initial Boundary
Value Problems Involving Maxwell’s Equations in
Isotropic Media”, IEEE Trans. Antennas Propagat.,
vol. AP-14, pp. 302-307, May 1966.

Yasumoto K., “Electromagnetic Theory and
Applications for Photonic Crystals”, Taylor &
Francis, New York, 2006.

H. Wallén, H. Kettumen, A. Sihvola, “Surface
Modes of Negative-Parameter Interfaces and the
Importance of Rounding Sharp  Corners”,
Metamaterials, vol. 2, pp. 113-121, 2008.



